ELEN E4810: Digital Signal Processing
Topic 3: Fourier domain

The Fourier domain

Discrete-Time Fourier Transform (DTFT)
Discrete Fourier Transform (DFT)
Convolution with the DFT
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The Fourier Transform

= Basic observation (continuous time):
A periodic signal can be decomposed
Into sinusoids at integer multiples of the
fundamental frequency

= je if Xt)=X(t+T)
we can approach x with

M 2k
i(t)%;akcos( T t - ¢k>
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Fourier Series > acos (2t +a1)

k=0
= For a square wave,

(-1

1
o =0; ap = < &

k=1,35,...

0 otherwise
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Fourier Domain

" x Is equivalently described

by its Fourier Series o, 10}
parameters: S
— ]_ e O o o k
ak:(—l)%g k:17375’.“ ¢k “1234567
**??;LT;*?;L/(
M
~ 2mk
= Complex form: z(t) = Z ool
=—M
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Fourier Analysis )~ 3 el

k=—M

= How to find {[cx|}, {arg{cr}t) ?
Inner product with
(conjugate) complex sinusoids:

]. /T/2 ( ) -27rkt
Cp = — x(t)e 7T *dt
T J 7/
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Fourier Analysis i)~ Y e

=—M
T/2
. 27k 2m
ck:—/ e VT ldt call T = —t
T/2 T
T .
= —7 ) e IFTdr
o 2T
1 T
= glT —7kT
o 2T 2 :Cle € dr Integral of (I-k) complete
- [ cycles of a complex sinusoid,
1 T = O for I#k - real (cos) part is
— E Cl / e’ (l_k)TdT complete cycles, imag (sin)
l 27T part is odd; = 1 for =k -+ [ 1dT
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Fourier Series Analysis

T2 e,
= Thus, ¢ = T x(t)e ™ T 'dt
_T/2

27Tk
because complex sinusoids e™7 T !

pick out the corresponding sinusoidal
components linearly combined in
M

x(t) = Z cped T

k=—M

Dan Ellis 2013-09-23 7



Fourier Transform

= Fourier series for periodic signals
extends naturally to Fourier Transform
for any (CT) signal (not just periodic):

O

: _ — 3t Fourier
X(]Q) - o x(t)e at Transform (FT)
£) — 1 ~ X (i) el 0 Inverse Fourier
z(t) = o2 J (7§2)e Transform (IFT)

= Discrete index k£ — continuous freq. ()
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Fourier Transform

= Mapping between two continuous
functions: x(©)|

level
/dB 20H -\ o : ‘

x(t)‘ | | Ao

60F

0.02

-80

0 2000 4000 6000 8000
H freq/ Hz

arg{X(Q)}

0.01} ]

-0.01 ' ' '
0 0.002  0.004 0.006  0.008

time / sec

_J‘l: 1 1 1
0 2000 4000 6000 8000
freq/ Hz
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Fourier Transform of a sine

= Assume x(t) = e’

Now, since x(7) 27t/ X(Q)e’MdQ

.we know X (Q)=2mo(Q— Q)

...where 0(x) Is the Dirac delta function

(continuous time) i.e.

[8(x = x,)f (x)dx = f(x,)

|

6(x -X,)

X

= o x() =A™ & X(Q)= ASQ - QO)
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Fourier Transforms

Time
Fourier Series Continuous Discrete
(FS) periodic x(7) infinite
Fourier Continuous Continuous
Transform (FT) infinite x(¢) infinite
Discrete-Time Discrete Continuous
FT (DTFT) infinite x[n] | periodic
Discrete FT Discrete Discrete
(DFT) finite/pdc x[n] | finite/pdc
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Discrete Time FT (DTFT)

= FT defined for discrete sequences:
X(e™)= > x{nle ™™ DTFT

= Summation (not integral)

= Discrete (normalized)
frequency variable w

= Argument is e, not jw
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DTFT example |

" e.g.x[n]=amuln], la| <1

=

vvvvv
5 S
"5 “»35‘3“

v‘e“

- ez
L X&)l

Ye

-1| 1 234567n

X(@)=Y"" a"unle "

n=—0o0

2, (0¢")

1 §=Yc" ses=Y¢
n=0 n=1

l—oe’” =>85-cS=c"=1
pueXer 1 (lel<1)

0 =« 2t 8n  4n b

-2 > 1-c
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Periodicity of X(ew)

= X(e) has periodicity 27 In w :
X(ej(a)+27r)) _ Zx n e—j(a)+27r)n

_ZX —]a)n —]27m_X(e]a))

(XN )

""""""""""""""""""

T Sy

0 T 2x 3t  4x 5%V

= Phase ambiguity of ¢~ makes it implicit

Dan Ellis 2013-09-23 14



Inverse DTFT (IDTFT)

= Same basic “Fourier Synthesis” form:
|

27

= Note: continuous, periodic X(ev)

x[n] = j_ﬂn X(e’*)e'dw IDTFT

discrete, infinite x[n] ...

= IDTFT is actually Fourier analysis
(except for sign of w)
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IDTFT
= Verify by substituting in DTFT:
x[n]= L j_ﬂ X(e’)e’"dw

l J‘ ( e sz) 0" 70

_Z j jo (n— l)da)
— Zl x[l]smcn (n—10)=x[n]
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sinc
1 7T 1 '6jw(n—l)' g

. jwn—=Ll) 1,y —
o | © YT =0

N %( j(n—1) )

_ % (Qj S;?nﬂfnl)_ ”) _ sinc(n — 1)

= Same as [cos *+ imag jsin part cancels
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A SIN X
" sincx& ——
x i
A ,/
/
N ;- 1 gln(X)/x -
// \ / \\ / \\ // \\ //
% =
4475 —§n —én -t/ T, t 3n 4w X
3 - “sin(x)
y=x/

/

" =] whenx=0

=0whenx=rm,rz0,r==+1,+2,+3,...
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DTFTs of simple sequences
" x[n] =4[n] = X(ejw): ix[n]e_jw"

n=—c0
—¢ /" =1 (forallw)
" |.e. x[n] X(e)
on] < 1
x[n]] X(e/™)|
BRI 7 —
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DTFTs of simple sequences
» x[n]=e’"": x[n]:L jﬂ X(e’)e dw
2w "7

= X(e’")=2n-6(w—w,) over -T <w <

but X(e/) must be periodic in w =
e o ), 2180 - w, —27k)
= [fw,=0thenx[n]=1vn

so 1 « Zk277:.5(0)—277:k) iX(eJ)

1

0 24T
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DTFTs of simple sequences

* From before:

o’ uln] 1
H > l_ae—ja) (|“|<1)
= u[n] tricky - not finite
1
un] o — +Zk7r5(a)+27rk)
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DTFT properties

= | inear:
nl+Bhn] & aGe™)+BH(™™)

= Time shift:
gln—-n,] < e’ G(e’)

= Frequency shift:
]a)ong[n] (_) G( a) COO))
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DTFT example

" x[n]=0[n] +aruln-1] < ?

= o[n] + a(a! u[n-1])

= X(ejw):1+(x(ej“"1- : w)
1—oe™’

. e 1—ae’ +oae’
1—ae ™ 1—ae ™
1
T _gele T nl=or M[n]\/
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DTFT symmetry X(e)= atnle

= If x[n] < X(ew) then...
x[-n] < X(esv)  from summation
x[n] e X'(ew) (ew) =ew

R L
Re{x[n]} < X {(ev) :i[X(e )+X (e )]
conjugate symmetry cancels Im parts on IDTFT
Jimix[n]} & X,(e) :;[X(ejw)_x*(e_jw)]
x,[n] o Re{X(e)}
X lnl < jimiX(er)}
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DTFT of real x[n]

= When x[n] Iis pure real, = X(ev) = X*(ev)
— — — — o . XCS
st = X L] = xev[_n] < R(e]w) - XR(e-]w)
callt] = X,4ln] = -x4l-n] < X(el) =-X(e)
EA o o i)
x[n] real, even %
« X(e/v) even, real i Xyel]
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DTFT and convolution

= Convolution: x[n]= g[n]® h[n]

= X(e™)=2,_ (gln}®h[n])e ™
=2, (Zk glklhln — k])e‘j””
=" (glkle ™. hln—kle ")
=G(e’)-H(e’)

g[n®h[n] < G(e’*)H(e'™)
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Convolution with DTFT

= Since glnl®hln] <> G(e’”)H(e™)
we can calculate a convolution by:
= finding DTFTsof ¢, h = G, H
= multiply them: G-H
= IDTFT of product is result, g[n]® h[n]

gln]

h[n]

DTFT

G(e’)

| Y(e’)

DTFT

B g

H(e'™)

IDTFT

yln]

Dan Ellis
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DTFT convolution example
1

1—oe™’

= x[n] =aruln] = X(*)=
B )i[n] = 90[n] - awo[n-1]
= H(ejw)zl—a(e_jw'l)-l
" yln]=x[n]®h|n]
= Y('”)=H(e"")X(e’")
_ -(l—ae_jw):l

1—aqe™”
= y[n] =0o[n] I.e. ...
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DTFT modulation

= Modulation: x[n] = g[n]- hln]
Could solve if g[n] was just sinusoids...

X@e*)=Y (;ﬂ [” Ge” )ej‘)”dej H[nle
= L [" G2, Hinle "o
21 "

— gln]-h[n] < 21_[_” G(e’”YH(e'“)do
7T T
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Parseval’'s relation

= “"Energy” in time and frequency domains
are equal:

S elnl'lnl= [ G (")

= |f o =h, then g-¢" =1¢g|2 = energy...
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Energy density spectrum

= Energy of sequence &, =Y. gln]’

Vn

G(e™) dw

" By Parseval ¢ :21 |
71- —7T

= Define Energy Density Spectrum (EDS)
S, ()= ‘G(ejw)‘2
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EDS and autocorrelation

= Autocorrelation of g[n]:

r [01= D glnlgln— (1= g[n]® g[-n]

1=—00

= DTFT{r,[/1}=G(e"")G(e )

m |f g[n] is real, G(eiv) = G*(elv), SO
DTFT{r, [(]} = ‘G(efw )‘2 =5 (") phase

info.

= Mag-sq of spectrum is DTFT of autoco
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Discrete FT (DFT)

Discrete FT Discrete Discrete
(DFT) finite/pdc x[n] | finite/pdc

= A finite or periodic sequence has only
N unique values, x[n]forO<n <N

= Spectrum is completely defined by N
distinct frequency samples

= Divide 0..27 into N equal steps,

21k
Wkt =
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DFT and IDFT

= Uniform sampling of DTFT spectrum:

— 27.[kn
X[k]=X (e 2m = me]e ]
N
N—-1 T 27T/N
= DFT: X[k]= ). x[n]W," .
: Wy
27-[ .....................

where W, = e 'V i.e. -1/Nt of a revolution
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IDFT
1 N-1
= Inverse DFT: IDFT x[n]= NZ X[k W™

= Check: k=0
xn]= ;,Zk (2, AWy )y
1 N-1 N-1
= AW
N =0 k=0 ,m
= x[n] — e
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DFT examples

(1 n=~0
= Finite impulse z|n| = <
F])V_l [] \() n=1...N —1

= X[k] = > anWy' =Wy =1 Vk

n=0
= Periodic sinusoid:

2 1 —Tn N
z[n] = cos ( 7;\7;”) =3 (Wy™ +Wy")

N — —rn rn n
= X[k] =3I W™+ Wi WE

(% k=r,k=N—r
= 9

B \ 0 otherwise
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DFT: Matrix form

" X[k] =ZN__;x[n] - W' as a matrix multiply:

o 7 |+ 1 S I ()
1] 1 W w2 o wVY 2]
o 2 N—]. .-
2] |1 w3 wi o wEDL L )2

] 1 W](\,N_l) W]%[(N_l) L W](\,N_l)Q_ [N —1]

= |e. X=D, x
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Matrix IDFT

= |f X=D,  x
then x= I)N‘1 . X
= |.e. Inverse DFT is also just a matrix,

1 1 1 e 1

1 Wy wyt o o wyv Y
1 _ _ —2(N-1

_1 WJ;(N—l) W];2(N—1) o W];(N—1)2_

Dan Ellis 2013-09-23 38



DFT and MATLAB

= MATLAB is concerned with sequences
not continuous functions like X(ew)

= |nstead, we use the DFT to sample
X(e) on an (arbitrarily-fine) grid:

"= X = freqgz(x,1,w); samples the DTFT
of sequence x at angular frequencies in w

= X fft(x); calculates the N-point DFT
of an N-point sequence x
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DFTand DTFT

DTFT X(e’®)= Zx[n]e‘jw”

11=—00

DFT X[k]= Y x[n]W"

n=0
= DFT ‘'samples’ DTFT at discrete fregs:

XU1= XY, o0 [ e
N k=1... :
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DTFT from DFT

= N-point DFT completely specifies the
continuous DTFT of the finite sequence

X(e™) = Z(l > XTkIW,* Jefw"

NkzO
N-1 N-1 (- 27k
:lZX[k]Ze o)
Aw = @ — 25k Nk=0 n=0
: : 1 & sin N 2%k _ -0 5,
Z_ZX[k] e
N~ sin —,*
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Perlodlc sinc

—]NAO)k
Z o L€
e —
e—JAwk
actor ou _ .
half the angle — p=ibed/2  Ljdwp/2 = jhog/2
_ : Aoy
i —j(Nzl)'Awk sin V 2 . _—pure real
. e C Aa)k
sin-—,~

= = Nwhen Aw, =0; =(-)Nwhen Aw /2 =7
=0when Aw /2 =r7/N,r=+1,+2, ...
other values in-between...
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sin Nx
SIN X
L T em e S
DFT—- DTFT . ——x3). SN Aw/2
=l;nterpc_)ladt_ion N / X s Aoz
I 2SS
XK= X(e) 7 0 A5l wo R
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DFT from overlength DTFT

= |If x[n] has more than N points, can still
form X[k]=X(e) .u

N
= |DFT of X[k] will give N point z|n

= How does % |n relate to x[n|?
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DFT from overlength DTFT

DTFT . Sample IDFT _
x[n] X(e®) — X[k} X[ n]
-A<n<B O<n<N
N — 00
k=0 \l=—o0 =1 for n-l =rN, rel
o , N-1 = 0 otherwise
k(£—n
= N 2 (N ST w )>
f=—0o0 k=0
> all values shifted by

= IT|n] = Z zln — rN| exact multiples of N pts
Usn<N r=—oo toliein0<n<N
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DFT from DTFT example

= fx[n]={8,5,4,3,2,2,1, 1} (8 point)
= We form X[k| fork=0,1,2,3
by sampling X(ev) at w =0, 7/2, 7, 37/2

= IDFT of X|k] gives 4 pt i[n] = Z xrn —rN|

= QOverlap only for r = -1: (N=4)

8 5 4 3
=Zn)=<+ + + +,={10 7 5 4}
2 2 2 1
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DFT from DTFT example

m x[n] |
_1 123;45678_;;
" x|n+N]
(I"=-1) 5 -4-3-2-15T 12 354 5n
. 1 |
= X[n] |

12 3 :n

= X|n]is the time aliased or folded down’
version of x[n].
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Properties: Circular time shift

= DFT properties mirror DTFT, with twists:
= Time shift must stay within N-pt ‘window’
glin —no)n] = WY™GK

= Modulo-N indexing keeps index between
0 and N-1: )

gln = ng)n] = < gln — no] n > ng

\g[NJrn—no] n < ng
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Circular time shift

= Points shifted out to the right don’t
disappear — they come in from the left

8 (1] | gl<n-2>]
] - ‘delay’ by 2 ! :
| | > |
| = ! X
T 1234 [ 17234
e
N

= | ike a ‘barrel shifter’:

\¥_/

? origin pointer
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Circular time reversal

= Time reversal is tricky in ‘modulo-N
iIndexing - not reversing the sequence:

X[n]
| 4 I
5-pt sequence T T | | T
made periodic T 9TTT i :?TH o [
—7—6—5—4—3—2—1I 1234'567891011 n
x[<_n>N]
| 4 I
Time-reversed | | T I
periodic sequence | 1o | | 21| | [tie| [T8o]
—7—6—5—4—3—2—1I 1234'567891011 n

= Zero point stays fixed; remainder flips
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Duality

= DFT and IDFT are very similar
= both map an N-pt vector to an N-pt vector

= Duality:
if  g[n] < Glk]
then G[n] <& N-g[(—k), ]

= |.e. If you treat DFT sequence as a time
sequence, result is almost symmetric

M
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Convolution with the DFT

= IDTFT of product of DTFTs of two N-pt
seqguences is their 2N-1 pt convolution

= |DFT of the product of two N-pt DFTs
can only give N points!

= Equivalent of 2/NV-1 pt result time aliased:
=ie. y.[n] =Zi_ooyl[n+rN] (0O<n<N)
= must be, because G|k|H|[k] are exact
samples of G(ev)H(elv)

= This is known as circular convolution
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Circular convolution

= Can also do entire convolution with
modulo-/N indexing

" Hence, Circular Convolution:

NZ:lg[m]h[<n—m>N] < Glk]H[k]

= Written as gln]® h[n]
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Circular convolution example
= 4 pt sequences: glnl={1201} Alnl={2210}

n 1 23 n

hi<n - 0>,] . g:[fz]@h[in]=

hl<n - 1>,] s

hl<n - 2] 0 237

hl<n - 3>,] 1 check: g[n]® hln]

={2654210}
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DFT properties summary

= Circular convolution
N-1

> :Og[m]h[<n—m>N] < GlkIH[k]

m

® Modulation
g[n]-h[n] < 1Y GImH[k-m),]
= Duality
G[n] g N°g[<_k>N]

= Parseval .

x[n] =42 X[k’
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Linear convolution w/ the DFT

= DFT — fast circular convolution
= but we need linear convolution

= Circular conv. is time-aliased linear
conv.; can aliasing be avoided?

= e.g. convolving L-pt g[n] with M-pt h[n]:
y[n] = g|ln]® hln] has L+M-1 nonzero pts
= Set DFT size N = L+M-1 = no aliasing
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Linear convolution w/ the DFT

= Procedure (N=L+ M - 1): o[
= pad L-pt g[n] with (at least) ’Wv\h

M-1 zeros | —
— N-pt DFT G[k]. k=0.N-1  /ln
= pad M-pt i[n] with (at least) [~

[-1 zeros M "
— N-pt DFT H[k], k = 0..N-1 I
= Y[k] = G[k]-H[k], k = 0..N-1 | T

CIDFTO =3y, [n+rN]=y,[n] 00
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Overlap-Add convolution

= Very long g[n] — break up into
segments, convolve piecewise, overlap

— bound size of DFT, processing delay
‘gn)]  i-N<n<(i+1)-N

0 otherwise

= Make gi[n] = <
= gln] = 2_; gi[n]
= hn] ® g[n] = )_, hin| ® gi(n]

= Called Overlap-Add (OLA) convolution...
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Overlap-Add convolution

8ln]  hln]
~ A,

% Goln1 @A)
8y[7] M | rg [ @hln]
18alnl (\'/\/l 1 gl @hnln]

I 'r Valid OLA sum | -

hln]® g[n] o

L 2L 3L "

Dan Ellis 2013-09-23

59



